Abstract. In analogy with Przytycki's and Sokolov's "surgery description" of orientation-preserving periodic diffeomorphisms of closed orientable 3-manifolds [11] (see also [13] ), we show that there is a "surgery description" for orientationpreserving D 2p -periodic diffeomorphisms of 3-manifolds which are regular dihedral p-fold covering spaces, for p = 3, 5. This is a direct corollary of the main theorem of [9] when plugged into the proof in the first four sections of Makoto Sakuma's paper [13] , generalizing where necessary.
Introduction
Montesinos [8] showed that a closed orientable 3-manifold is a double branched covering of S 3 if and only if this manifold is obtained by rational surgery on a strongly invertible link L in S 3 . This allows us to 'visualize' the covering involution of such a manifold M , since it is conjugate to the involution of M induced by the involution of S 3 preserving L. This result has recently been generalized, first by Przytycki and Sokolov [11] to all orientation-preserving periodic maps of prime order, and later by Makoto Sakuma [13] who removed the restriction on the order. For a closed orientable 3-manifold M which admits an orientation-preserving periodic diffeomorphism f , Sakuma showed that M is obtained by integral surgery on a link L in S 3 which is invariant under a standard 2π n rotation ϕ n around a trivial knot, and f is conjugate to the periodic diffeomorphism of M induced by ϕ n .
To transfer this to a dihedral setting, note that a (p, 2)-torus knot (p > 2 prime) gives us a standard D 2p action on S 3 . To see this, parameterize S 3 as the onepoint compactification of R 3 , and take the standard parametrization of that knot (in which it is sitting symmetrically on the boundary of an imaginary unknotted solid torus), and take the 2π p rotation around the Z-axis as the order p periodic diffeomorphism, and the rotation by π around the X-axis may be taken as the order 2 periodic diffeomorphism. By choosing a distinguished direct summand, this action is defined also by a connect-sum of (p, 2)-torus knots.
The generalization of Przytycki and Sokolov's theorem to the dihedral case would read as follows: For a closed oriented 3-manifold M which admits an orientationpreserving D 2p -periodic diffeomorphism f := (f 1 , f 2 ) (where f and f 1 and f 2 are periodic diffeomorphisms of periods 2 and p respectively), M is obtained by integral surgery on a link L in S 3 which is invariant under the standard D 2p action ϕ D2p around a (p, 2)-torus knot, and f is conjugate to the D 2p -periodic diffeomorphism of M induced by ϕ D2p .
The purpose of this note is to prove the above claim for the special case p = 3, 5, where M is a regular D 2p covering space.
The key fact used by Sakuma which prevents his proof from carrying over to the dihedral case is that any knot K can be transformed into an unknot by ±1-surgeries on a trivial knot whose linking number with K is 0, but such surgeries may not be in the kernel of the representation.
Our solution, as suggested by Makoto Sakuma, is to make use of our result in [9] that for p ∈ {3, 5} every 2p-colourable knot may be reduced to a connect-sum of left-hand (p, 2)-torus knots by a sequence of ±1 surgeries by components in the kernel of the representation ρ :
The proof is formulated in such a way that if and when a corresponding theorem is proven for p > 5, the proof generalizes to these higher values of p with no further changes.
All steps in the proof generalize Sakuma [13] almost verbatim unless otherwise specified.
Basic Definitions
We begin by recalling the Sakuma's notation and definitions, which we quote more or less verbatim for the reader's convenience. Let M be a smooth orientable 3-manifold, and K : S 1 −→ M a knot in M . By a slope of K we mean an isotopy class ν of an essential simple loop on ∂N (K). Let [ν] denote the homotopy class in π 1 (∂N (K)) supported by ν with an arbitrary orientation, or the image of that class in the fundamental group of a subspace of M − K containing ∂N (K). Similarly, for X a subspace of M containing K, the class in π 1 (X) supported by K with an arbitrary orientation shall be denoted [K] . The slope of K determined by the boundary of the meridian disk of N (K) we shall call the meridian µ of K, and the longitude λ of K shall be defined as the slope of K homotopic to the core K of N (K).
By a rational framed knot (a framed knot, in brief) in M , we mean a pair (K, ν) where K is a knot in M and ν is a slope of K. We call ν the framing of the framed knot. If ν is a longitude of K in N (K), then (K, ν) is said to be integral. A rational framed link L (or framed link in short) is a disjoint finite collection of framed knots {(K 1 , ν 1 ), . . . , (K m , ν m )}, called the components of the link. L is said to be integral if and only if all its components are. We often denote L by (L, ν), where L := 
* is integral if and only if L is. There is a standard basic way in which the slope of a knot in S 3 may be expressed by a rational number r ∈ Q∪{∞}, and the knot is integral if and only if r is integral or infinite (see [10] or [12] ). So a framed link in S 3 may be expressed by a pair (L, r), with r := (r 1 , . . . , r m ), where r i ∈ Q ∪ {∞} for all 1 ≤ r ≤ m.
The remainder of this section is a generalization of the definitions and notations in [13] from the cyclic case to the case of a general finite group of diffeomorphisms G. In the present paper we shall be interested only in the case G = D 2p with p = 3, 5.
Let G be a finite group of diffeomorphisms on S 3 with generators (b 1 , . . . , b s ), and fix an action of G. Then we have the following definition, generalizing the Sakuma's definition of a periodic framed link [13] .
and a set of diffeomorphisms ϕ G := (ϕ b1 , . . . , ϕ bn ) on S 3 shall be called a G-periodic rational framed link (a G-periodic framed link in brief) if the following conditions are satisfied.
(1) The map ϕ G is conjugate, by a diffeomorphism of S 3 to itself, to the action of G on S 3 , where ϕ bi is conjugate to the action of
We say that (L, ϕ G ) is non-augmented or augmented according to whether F ix(ϕ G ) ∩ L = ∅ or not. Not that we can choose N (L) in the construction of χ(L) to be ϕ G -invariant and that the restriction of ϕ G to ∂N (L) extends to a diffeomorphism of the sewn back N (L). Thus ϕ G induces a G-action on χ(L) by diffeomorphisms, that preserves orientation if the G-action on S 3 was orientationpreserving. By the uniqueness of the tubular neighbourhood ([1] Section VI.2 and Remark on p.314), such diffeomorphisms are unique up to conjugacy by diffeomorphisms smoothly isotopic to the identity. We denote these diffeomorphisms on χ(L) by φ(L, ϕ G ).
3 and the restriction of f on V x is equivalent to an orthogonal linear map. Remark 2.3. In 3-dimensions the condition that f is locally linear is essentially equivalent to the condition that f be smooth-see [6] Definition 2.4. Let G be a group with generators (b 1 , . . . , b n ), and let f := (f b1 , . . . , f bn ) be an n-tuple of endomorphisms on an orientable 3-manifold M . If the forgetful functor F (f bi ) −→ b i (1 ≤ i ≤ n) induces an isomorphism on the underlying groups, then we say that f is a G-periodic function. In other words, an n-tuple of functions is said to be G-periodic if the relations between the functions and their periodicity coincides with that of the corresponding elements of the group G. A G-periodic function is said to be orientation preserving if and only if f bi is orientation preserving for all 1 ≤ i ≤ n, and is said to be locally linear (smooth) if and only if f bi is locally linear (smooth) for all 1 ≤ i ≤ n.
Remark 2.5. From now on, we assume that the action of G on M is orientationpreserving.
Let f be locally-linear orientation-preserving G-periodic function acting on a compact orientable 3-manifold M. Then f induces on M a smooth action of G with a specified basis (
Notation. Let K : S 1 −→ M be a knot in a 3-dimensional manifold, and let G be a finite group of diffeomorphisms acting on M . Then the p-fold covering space branched along K that is associated to a choice of epimorphism ρ :
we shall allow ourselves simply to write M p (K, G).
Results
The following theorem generalizes Theorem 2.1 of Sakuma [13] . 
We call the triple (L, Γ, ϕ D2p ) above an integral surgery description of f .
Construction of a Rational Surgery Description of D 2p -Periodic Diffeomorphisms
The following section is modeled closely on Section 3 of [13] . Let M be a closed orientable 3-manifold which is a regular D 2p -covering of S 3 and f an orientation-preserving locally-linear G-periodic function (we are only interested here about the case G = D 2p , but the following lemma can be stated and proved for a general group G as simply as for this special case, and so this is what we do). As in the previous section, f determines an action of G on M . Let O := M/G be the quotient smooth orbifold (see [2] , Section 2.1). Let pr : M −→ O be the projection, and Σ := pr(Σ(f )) be the singular set of O. Proof. The following is a straightforward generalization of the argument on page 64 of [5] . For f = (f b1 , . . . , f bn ) we prove by induction on n. For n = 1, the argument is identical, and is quoted here for the reader's convenience. f b1 induces an action of the cyclic group C |b1| on M , thus M is a |b 1 |-fold cyclic cover of O branched over Σ. There is a natural differential structure on O − Σ such that pr| M−Σ(f ) is a local diffeomorphism. We give O a differential structure by requiring that near Σ, pr is modeled on the standard projection pr 0 : F × C −→ F × C, where
More precisely, let ψ * : F × C −→ O be the topological embedding such that the following diagram commutes: ′ is a |b n |-fold branched cover of M , which inherits the differential structure of M as above.
We abuse notation by using O to denote the smooth G-orbifold above. Note that pr : M −→ O is a regular |G|-fold covering space branched over Σ. The branched covering is uniquely determined by the unbranched covering pr : M − Σ(f ) −→ O − Σ, which is determined by an epimorphism ψ : π 1 (O − Σ) −→ G. Thus f is uniquely recovered from the triple (O, Σ, ψ) (see below).
To prove our main theorem, we will convert the triple (O, Σ, ψ) to the triple corresponding to the standard D 2p action ϕ D2p on S 3 by a sequence to "orbifold surgeries". The following are direct generalizations of the definitions and the lemmas of pages 381-382 of [13] . 
is the isomorphism induced by the restriction of h to O − Σ. Then there is a smooth isotopy of M , fixed on Σ, carrying h to a diffeomorphism h
′ which lifts to a diffeomorphismh
Proof. See A major difference between a D 2p -orbifold and the -orbifold of Sakuma [13] is that the source of the map ψ which defines it is the full fundamental group of O − Σ rather than its abelianization H 1 (O − Σ). We recall that this group is given by the 'Wirtinger presentation' of Σ-it is generated by meridians of arcs of some projection of Σ modulo certain relations given by the crossings (see for example Rolfsen [12] ). Our next step shall be to define surgery of D 2p -orbifolds along framed links. When working with the full fundamental group, it makes sense to limit our attention to surgeries along a certain subclass of framed links whose behaviour is well behaved under the mapping ψ. This motivates our next 'admissibility criterion'.
Our next Lemma tells us how to perform surgery on a framed link in a D 2p -orbifold.
* , where j and j * denote the homomorphisms among the fundamental groups induced by the inclusion
Proof. This is a precise way of saying roughly that 'surgery in the kernel of a pcolouring preserves p-colouring', a fact proved in [9] . The proof there carries over to this more general setting with no real changes. We are now ready to prove Theorem 3.1 by converting the triple (O, Σ, ψ) into (S 3 , t(p, 2), ψ t(p,2) ) by a sequence of surgeries on admissible framed links.
Step 1. We show that there is an admissible framed link
The arguments used by Sakuma [13] carry through to the D 2p case with no further effort. Let K 1 , . . . , K m be the components of Σ. Put ν 0 := (ν 1 , . . . , ν m ) where ν i is as in Lemma 4.10. Then it is a framed link for (O, Σ, ψ) and it satisfies the desired condition. In the D 2p case, we can choose L 0 such that its covering framed link is integral, as in Section 4 of [13] . Sakuma's method of lifting to an integral framed link in the cyclic case carries over with essentially no changes to the dihedral case, and we thus omit the proof that this lift is possible and refer the interested reader to Sakuma's original paper.
Step 2. We show that there is an integral framed knot
which satisfies the following conditions:
, and hence the framed knot L ∞ := (L 1 , ν 1 ) satisfies the desired conditions.
Step 3. We show that there is an integral framed link
is equal to the image of the knot Σ 2 in O 3 , and ψ 3 is a p-colouring of Σ 3 .
By the Lickorish-Wallace theorem, there is an integral framed link
All that remains is to generalize Lemma 3.8 in [13] to the D 2p case.
Lemma 4.11. We can choose L 2 := ((K 1 , ν 1 ), . . . , (K n , ν n )) so that it satisfies the following conditions:
Proof. Assume that ψ([K i ]) = 1. Then one of two things may occur.
(1) It may be that
In either case, band summing with a meridian µ ′′ of Σ 2 satisfying ψ([µ ′′ ]) = t as before reduces the problem to the case above. By repeating the above procedure for all components K i of L 2 with ψ([K i ]) = 1, we obtain the desired framed link L 2 .
Step 4. We show that there is an integral framed link L 3 := (L 3 , ν 3 ) for (O 3 , Σ 3 , ψ 3 ) which satisfies the following conditions: This is the key step in the construction, for which we make use of the Main Theorem of [9] , restated here for the readers convenience.
Theorem 4.12. For p ∈ {3, 5}, any p-coloured knot (K, ρ) can be reduced to a connect-sum of n left-hand (p, 2)-torus knots with a given colouring by a series of ±1-framed surgeries along unknots in the kernel of the p-colouring ρ : G −→ D 2p with 1 ≤ n ≤ p.
The surgery components given by this theorem which take the knot Σ 3 to a connect-sum of left-handed (p, 2)-torus knots give the desired framed link L 3 (we choose one distinguished connect-summand to get the D 2p -action). To simplify the notation the proof below is stated for n = 1 but is equally valid for a general n.
Proof of Theorem 3.1. Let L be the framed link in O 4 ∼ = S 3 obtained as the union of the images of the dual integral framed links to L 0 , L 1 , L 2 and L 3 . L is an integral framed link in the D 2p -orbifold (O 4 , Σ 4 , ψ 4 ) ∼ = (S 3 , t(p, 2), ψ t(p,2) ) and (O, Σ, ψ) is obtained by surgery on L. LetL be the covering framed link of L in the covering manifoldχ(S 3 , t(p, 2), ψ t(p,2) ) ∼ = S 3 and let ϕ D2p := φ(S 3 , t(p, 2), ψ t(p,2) ) by the D 2p -periodic diffeomorphism onχ(S 3 , t(p, 2), ψ t(p,2) ) determined by (S 3 , t(p, 2), ψ t(p,2) ).
Then by the argument following Definition 4.9, (L, ϕ D2p ) is an (augmented) D 2p -periodic integral framed link, and gives a surgery description of the D 2p -periodic diffeomorphism f on M ∼ =χ(O, Σ, ψ). This completes the proof of Theorem 3.1 (1) .
The "only if" part of Theorem 3.1 (2) is obvious. To prove the "if" part, suppose that there is a component C of Σ(f ) as in Theorem 3.1 (2) . Let K i be the component of Σ obtained as the image of C. Then we replace the framed link L 1 in Step 1 with L 1 − (K i , ν i ), and we replace the framed knot L 2 with an empty framed link. Then we see the resulting framed linkL is a non-augmented periodic integral framed link describing f .
Proof of the Corollaries to Theorem 3.1 is omitted as the proofs are essentially identical in the dihedral case and in the cyclic case.
